A new U (1) X gauge boson X can have renormalizable mixing with the standard model (SM) U (1) Y gauge boson Y . This mixing induces interaction of X with SM particles even though X starts as a dark photon without such interactions. If the U (1) X is not broken, the dark photon X and the photon γ are both massless. One cannot determine which one of them is the physical dark photon or the photon by just looking at kinematic terms in the Lagrangian. To distinguish them one needs to know how they interact with SM particles. Contrary to claims in the literature, dark photon in general can interact with SM particles although such interactions are severely constrained by electroweak precision data (EWPD). The mixing can induce anomalous g − 2 of fermions. We find that within the parameter space allowed by the EWPD the dark photon X can solve the g − 2 anomaly problem of muon. However, the viable region is excluded by data on electron g − 2.
I. INTRODUCTION
A new gauge symmetry U (1) X with a gauge boson field X can mix with the U (1) Y gauge boson field Y of U (1) Y in the standard model (SM) through a renormalizable operator X µν Y µν formed by the field strengths, F µν = ∂ µ F ν − ∂ ν F µ , with F = X, Y [1] [2] [3] [4] . If the SM particles are all uncharged under the U (1) X , it is expected to have no interaction with SM particles. In this case X is dubbed as a dark photon. However, the mixing term mentioned can induce interactions between X and the SM particles. This has many interesting consequences in low energy and high energy phenomena from particle physics, astrophysics to cosmology perspectives. Dark photon has been searched for in a number of different context experimentally [5, 6] .
If the U (1) X symmetry is broken and X receives a finite mass, one can easily identify the physical dark photon and photon after the fields are redefined to have the canonical form for the gauge bosons, in which the kinematic terms are diagonal. However, for the case that U (1) X is unbroken the dark photon is trivially massless and it degenerates with the ordinary photon in mass. If one just looks at the kinetic terms of X and Y , the canonical form of which is invariant under any orthogonal transformation, then one cannot tell any difference before and after the transformation. Therefore, which combination of X and Y in the canonical form corresponds to the physical photon or dark photon cannot be determined [7] . Different ways of diagonalizing the kinematic terms lead to different interactions of neutral gauge bosons to SM currents as well as the dark current.
Phenomenology of a massless dark photon has drawn a vast of attention [8] [9] [10] [11] [12] [13] [14] [15] . One needs to be clear about how the massless dark photon interacts with SM particles to have interpretations of the results. The interactions of photon, Z boson and dark photon to the SM currents must be consistently defined to pin down the massless dark photon itself. In this work we carry out a systematic study of ways to identify a physical massless dark photon.
We find that two commonly used ways to remove the mixing term are actually related through an orthogonal transformation. But the kinetic mixing parameter and the angle that describes the general orthogonal transformation affect how a massless dark photon interacts with SM particles. With correct definition, we find that the model parameters are severely constrained by electroweak precision data (EWPD). The kinetic mixing can induce anomalous g −2 of fermions. We find that within the parameter space allowed by the EWPD the dark photon X can solve the g −2 anomaly problem of muon. However, the viable region is excluded by data on electron g − 2. We then show how the Higgs boson h decaying into γ + X can provide cruitial information about whether a massless dark photon can interact with SM particles.
II. GENERAL DEFINITION OF MASSLESS DARK PHOTON
With the kinetic mixing, the kinetic terms of X and Y and their interactions with other particles can be written as
Here j µ X and j µ Y denote interaction currents of gauge fields X and Y , respectively. To write the above Lagrangian into the canonical form one needs to diagonalize the kinematic terms of X and Y . Let us consider two commonly used ways to remove the mixing, namely, a) [1, 8] the mixing term is removed in such a way that dark photonX in the canonical form does not couple to hyper-charge current j µ Y 1 , and b) [2, 20] the hypercharge field in the canonical formŶ does not couple to the dark current j µ X produced by some dark particles with U (1) X charge, which is widely used in the studies of a massive dark photon or Z [2, [20] [21] [22] [23] . For the cases a) and b), making the Lagrangian in the canonical form will be Case a) :
After electroweak symmetry breaking (EWSB), the hyper-charge field Y and the neutral component of the SU (2) L gauge field W 3 can be written in the combinations of the ordinary photon field A and the Z field as follows
where c W ≡ cos θ W and s W ≡ sin θ W with θ W being the weak mixing angle. Meanwhile, the Z field receives a mass m Z . The general Lagrangian that describes A, Z and X fields kinetic energy, and their interactions with electromagnetic current j 
where the Z boson mass term is included. If the U (1) X is broken by the vacuum expectation value (vev) of a SM singlet, which is charged under U (1) X , a mass term (1/2)m 2 X X µ X µ could be generated. The W ± fields and their mass, due to the SM EWSB, are not affected at this stage.
The requirements for cases a) and b) can be equivalently expressed as no dark photon interaction with j µ em and no photon interaction with j µ X , respectively. These two cases can 1 In the literature case a) is widely used not only for a massless dark photon but also for a very light one [16] [17] [18] [19] , which is sometimes called "paraphoton" [1, 3] . be achieved by defining Case a) :
Case b) :
to obtain the Lagrangian in the "bare" field basis for case m X = 0,
We clearly see that the properties for case a) and case b) are explicit. Besides, in both cases the Z boson mass is shifted as m
. The dark photon fields in the above areX andX , respectively. It has been argued using Eq. (6) that dark photon does not interact with SM particles at the tree-level [8] [9] [10] [11] . But if one uses Eq. (7), the dark photon does interact with SM particles at the tree-level. The statements are in conflict with each other. This conflict lies in the definition for a dark photon.
If one just looks at the first two kinematic terms in Eqs. (6) (7), they are the same in form and invariant under an orthogonal transformation ofX andÃ, orX andÃ . In fact, there are related by
The interaction terms in Eqs. (6) (7) change from one to another with the above orthogonal transformation.
If re-writing gauge fields in the canonical form is the only requirement for diangonalizing the kinetic mixing term in the case with m X = 0, the physical dark photon and photon cannot be determined. Interactions of how they couple to SM particles are needed and determined by experimental data.
But for the case with m X = 0, the situation is different. Without looking into the interactions, one can completely determine the physical states among A, Z and X. We provide some details below.
With m X = 0, we need to add a mass term (1/2)m 2 X X µ X µ to the Lagrangian. In cases a) and b), they have the following forms
To identify the physical photon, we find that the fields defined in case b) is more convenient to use since the fieldÃ is already the physical massless photon field A m without further mass diangonalization. To obtain physical Z m and X m , in case b), one needs to diagonalize the mass matrix in (Z ,X ) basis,
to obtain the mass eigenstates
with tan(2θ) = 2m
The interactions of physical photon, Z boson and dark photon can be determined accordingly without ambiguities. ExpressingÃ ,Z andX in terms of A m , Z m and X m , one also obtain physical gauge boson interactions with SM and dark sector particles.
In case a), the fieldÃ, using Eq. (8), is then determined as 1 − σ 2 c 2 WÃ − σc WX . The physical Z and X fields as well as how they interact with other particles in the SM can be obtained from that in case b) by making the transformation in Eq. (8) . The identifications of fields by masses are unique, in both case a) and case b), one will obtain the same solutions.
Let us come back to the scenario with m X = 0 and discuss how one can determine what the physical photon and massless dark photon are. To this end we use a most general form for physical photon, dark photon and Z boson, i.e.,Ā ,X ,Z , based on case b)
where c β ≡ cos β and s β ≡ sin β. For s β = σc W ,Ā =Ã andX =X as compared with Eq. (8). For β spanning from 0 to 2π, all possible ways of removing the kinetic mixing to have a canonical form of A, Z and X fields can be covered. We have the following Lagrangian for the most general form for interactions forĀ ,Z andX
Note that the rotation angle β introduces the interactions ofX with SM particles even if the mixing parameter σ = 0. One needs to decide what value β corresponds to the physical photon and dark photon. This has to be decided by experimental data.
III. ELECTROWEAK CONSTRAINTS, g − 2 AND COLLIDER SIGNATURE
We now study how one can determine a physical massless dark photon by studying the interactions of dark photon as well as photon and Z boson to SM currents. Note that the mass of W ± and their couplings to SM fermions are not affected by field redefinition as discussed in section II, while the Z boson mass is modified as m [24, 25] are then given by [26] [27] [28] 
with the experimental input parameters chosen to be α, G F andm Z [26] . It should be emphasized that (1 + z)ρ f does not include any SM loop-induced contributions, so (1 + z)ρ f is exactly 1 in the SM by definition [26] . In practice, we can use the ρ parameter, which is ρ 0 = 1.00039 ± 0.00019 from the global fit [27] , to constrain β and σ for the massless dark photon that we consider here. We obtain that
In Fig. 1 , we show the 3-sigma allowed region (orange) of σ and s β by the EWPD, namely ρ parameter measurements considered in this work. We see that the parameters β and σ are already severely constrained. For case a) with s β = σc W , |σ| < 2.01 × 10 −2 ; for case b) with β = 0, |σ| < 1.21 × 10 −2 . The marginalized parameter constraints 2 on σ and β are |s β | < 2.20 × 10 −2 and |σ| < 2.00 × 10 −2 , respectively. On the other hand, if σ is known, s β is constrained. For example with σ = ±10 −2 , we have |s β | < 2.04 × 10 −2 . Also note that even with σ = 0, |s β | can be as large as 1.36 × 10 −2 . Thus more data is needed to pin down how the massless dark photon interacts with SM particles. In general dark photon couple to j µ em and have interesting implications. One of them is the possible contribution to anomalous magnetic dipole moment g − 2 of fermion. We comment on how this may affect the long standing anomalous discrepancy between the experimental value and the SM prediction of the anomalous magnetic moment of the muon,
A lot of theoretical efforts have been made to explain this anomaly, see Refs. [29, 30] for the "solutions" with a dark photon. In this work, we find that due to the orthogonal transformation as defined in Eq. (13), the exchange of a massless dark photon at the oneloop level can generate a non-zero g − 2 of muon from interactions in Eq. (14) . The new contribution can be easily obtained by rescaling the one-loop electromagnetic correction by a factor R, that is
2 Marginalized parameter constraint means that when considering the constraint on σ (s β ), the other parameter s β (σ) is allowed to vary.
We find that R is non-negative in the right direction to explain the muon g − 2 discrepancy. Constrained by the EWPD, we have R < 1.80 × 10 −4 . Therefore a dark photon µ can be as large as 10 −7 which can be easily used to solve the muon g − 2 anomaly problem. In Fig. 1 , we show the region in purple bands that can account for the muon g − 2 anomaly at 3-sigma level with 0.39 × 10 −9 ≤ a dark photon µ ≤ 4.97 × 10 −9 . One sees that even with the severe constraints from the EWPD, there is still large parameter space to explain the discrepancy between the experimental value and the SM prediction of muon g − 2. However, a much more severe constraint comes from the electron g − 2, which is [31] [32] [33] [34] [35] ∆a e = a 
The one-loop correction of the massless dark photon to the electron g − 2, a dark photon e , is the same as a dark photon µ . In order to satisfy the electron g − 2 measurements, it is required that −1.95 × 10 −12 ≤ a dark photon e ≤ 0.21 × 10 −12 at 3-sigma level, which in turn restricts R ≤ 1.81 × 10 −10 . Thus the parameter space that explains the muon g − 2 anomaly is actually excluded if no other new physics enters.
We now discuss the collider signature of a massless dark photon. From Eq. (14), interactions of massless dark photonX with SM currents for s β = c W σ lead to non-standard Higgs decays, such as h → γX with characteristic signature that the photon energy is half of the Higgs boson mass. If such decay is observed, one can know that the physical dark photon does interact with SM fermions ruling out the particular case a). We find that the branching ratio of h → γX over that of h → γγ is given by
where the overall factor of 2 comes from identical final state particles in the partial width of h → γγ. Taking into account of the previous obtained EWPD constraint, we find R γX ≤ 3.60 × 10 −4 . However, it is smaller than 3.62 × 10 −10 in order to satisfy data on electron g − 2, which makes the process h → γX extremely challenging to be discovered at colliders.
IV. DISCUSSIONS AND CONCLUSIONS
In this work, we show that for the SM extended with a U (1) X gauge field, the physical massless dark photon cannot be distinguished from the photon if re-writing gauge fields in the canonical form is the only requirement for removing the kinetic mixing term in the case with m X = 0. To make the points, we first show the details of two commonly used ways. Then we show that they are related by an orthogonal transformation. Furthermore, one can arrive at a general mass eigenstate of photon and dark photon from case b), which can be easily extended in the case with m X = 0, by an orthogonal transformation described by a rotation angle. To identify which combination corresponds to the physical massless dark photon one needs to know how it interacts with SM particles. Contrary to claims in the literature, the massless dark photon in general can interact with SM particles although the interactions are severely constrained by the EWPD. For case a) with s β = σc W , |σ| < 2.01×10 −2 ; for case b) with β = 0, |σ| < 1.21 × 10 −2 . On the other hand, the mixing can induce anomalous g − 2 of leptons. We find that within the parameter space allowed by the EWPD the massless dark photon can account for the g−2 anomaly of muon, while the viable region is excluded by data on electron g − 2. Finally, we study the fraction of decay branching ratios of h → γX and h → γγ, which can provide characteristic signature at colliders to determine whether a dark photon can interact with SM particles. The branching ratio fraction can reach 3.60 × 10 −4
constrained by the EWPD, while it is restricted to be smaller than 3.62 × 10 −10 by data on g − 2 of electron.
